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EXISTENCE THEOREMS FOR MATROID DESIGNS
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ABSTRACT. A study is made of matroids in which the hyperplanes have
equal cardinality. Fundamental constructions of such matroids are exhibited,

and existence theorems are proved for large parametric classes of them.

Introduction. U. S. R. Murty [10] was the first to study matroids in which the
hyperplanes all have the same cardinality. He called these structures ‘‘equicardi-
nal matroids’’. As we shall presently show, such matroids turn out to be closely
related to certain special classes of balanced incomplete block designs (BIBD’s).
Hence we have chosen to rechristen them matroid designs. If, in addition, one
requires of a matroid that the flats of any given rank have the same cardinality, it
is called a perfect matroid design. Perfect matroid designs have been studied by
J. Edmonds and the present author in [15].

In [10], Murty posed the problem of finding, for each triple of integers v, &,
and 7, all matroid designs having v points, hyperplane cardinality k, and rank 7.
In the present paper we develop a general framework for solving this problem, and
then proceed to list all possible matroid designs for large classes of integers v,
k, and r.

It turns out that for some such integers v and k the only matroid designs of
any rank are trivial ones (truncations of Boolean algebras), and for other integer
pairs the only possibilities are certain classes of BIBD’s and alterations of
BIBD’s. Nevertheless, we shall present a sufficient variety of examples to indi-
cate that the diversity and complexity possible in matroid designs is probably
unlimited.

A number of the results in the present paper have previously been announced
in summary fashion in [14]. The matroid concepts we will be using are developed
in detail in [15]; however, for the sake of completeness we will briefly recall

some of the basic definitions and theorems here. The interested reader might also
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refer to the papers of Tutte [11], Whitney [12], and Crapo and Rota [3] for general
background.

(1) A matroid M = (E, %) is defined to be a finite set E together with a non-
empty set § of subsets of E, called independent sets, such that

(I1) Every subset of an independent set is independent.

(I2) For every A CE, all maximal independent subsets of A have the same
cardinality, called the rank of A, and denoted by «(A).

(2) Any maximal independent subset of a set A C E is called a basis of A.
A basis of M is just a basis of E, and (M), the rank of M,is defined to be nE).

(3) A subset of E that is not independent is said to be dependent, and the
minimal dependent sets are called circuits. For any element x € E and ACE, x
is said to depend on A if x € A or {x} UA contains a circuit containing x. The
closure of A, cl(A), is the set of all elements that depend on A, and A is said
to be a closed set, or flat, if cl(A) = A. We shall write cl,(A) if we wish to
emphasize that closure is taken with respect to M.

(4) It follows easily from the above definition that the intersection of a family
of closed sets is closed.

We may characterize the closure of a set as follows.

(5) For any A CE, cl(A) is the unique maximal set S such that ACSCE
and (A) = AS).

(6) A k-flat of M is defined to be a closed subset of E having rank k. The
byperplanes of M are its (r(M) — 1)-flats.

(7) If M is a matroid design, we will denote the common cardinality of its
hyperplanes by k(M).

(8) For any subset E' of E, let ' = {] C E': ] edl. M = (E', §") satisfies
(I1) and (I2), and is called the submatroid of M on E', or the reduction of M to E',
denoted by M x E'. Clearly, the rank function, ', of M' is just the rank function
of M restricted to the subsets of E'.

(9) Let E' CE,and lec §' ={J' CE': J' | J € for some M-basis | of E —E'}.
It is easily verified that (E', §") satcisfies (I1) and (I12); hence it is a matroid,
called the contraction of M to E', and denoted by M- E'. Forany A CE', the
rank of A in M.E' is given by

(10) F(4) =AU (E -E")) - AE - E"),
where r is the rank function of M. In particular,
(11) A(M-E") = M) - AE - E").

The flats of M+ E' are characterized in terms of the flats of M as follows.
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(12) Theorem. For E' CE and 0<j<HM)-HE - E"), FCE' is a j-flat of
M-E' if and only if FU(E - E') is a j+ «(E - E")-flat of M.

(13) Corollary. If M is a matroid design, and E' CE, then M-E' is a matroid
design and k(M -E') = k(M) - |E - E'|.

(14) Let F? C F* be an i-flat and k-flat respectively. The interval of M
between F' and Fk, M(F?, F¥), is the matroid (M x F*).(Fk — F?),

(15) It is easily seen that the flats of an interval M(Fi, Fk) of M correspond
1-1 with the flats A of M such that F' CAC F*, and the corresponding lattices
of flats, ordered by inclusion, are isomorphic.

(16) For any integer I, 0 <1< (M), let Y CE:J €4 and |J| < I}, Then
M = (E, 4"y is a matroid having rank function 7'(A) = min (1, 7(A)), called the I-
truncation of M, and denoted by M. The flats of M) are just the flats of M
having rank at most / -~ 1, and E.

A matroid may also be characterized by its circuit-family in the following
manner.

(17) A family C of subsets of a finite set E is the circuit-family of a matroid
on E if and only if

(C1) & ¢ C and no member of C is a proper subset of another.

(C2) For any two distinct members C; and C, of Cand x € C, N C, there
exists C € C such that CC C, UC, - {x}.

(18) Given a matroid M on the set E with basis-family fB, the dual of M,
denoted by M*, is the matroid with basis-family B*={E - B: B € B}.

(19) By (5), the hyperplanes of M are the maximal subsets of E containing
no basis of M. Hence the set-complements of the hyperplanes of M are the circuits
of the dual, M*. We shall also refer to them as the cocircuits of M.

(20) If M is a matroid design, then the cocircuits all have the same cardinality,
c*(M) = |E| — k(M), called the cocircuit cardinality of M.

Using (17), we may characterize the hyperplane-family of a matroid as follows.

(21) A family H of subsets of a finite set E is the hyperplane-family of a
matroid on the set E if and only if

(H1) E ¢ H and no member of H is a proper subset of another.

(H2) For any two distinct members H1 and Hz of }(, and any x € E, {x}u
(H1 ol Hz) is contained in some member of H.

(22) Actually, the following stronger version of (H2) holds for the hyperplane-
family of a matroid M = (E, }).

(H2)" For any distinct H,, H, €H andany x €E — (Hl UH,), y €H, —H,,
there exists H € H such that y ¢ H and {x} U (Hl N HZ)EH.

A separator of a matroid M = (E, 9) is a subset S of E such that for any
circuit C of M, CCS or CCE —S. '
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(23) It is evident from the definition that the intersection of any two separators
is a separator, and the complement of a separator is a separator. Therefore, the
minimal nonempty separators of M partition E. Where S is such a separator, M+ §
is called a component of M. M is called connected if M is its sole component.

The following theorem is due to Whitney [12].

(24) Theorem. M = (E, 9) is connected if and only if every two elements of E

are contained in a common circuit.

In view of (24) we say that a matroid is totally disconnected if it contains no
circuits, i.e., if its independent sets form a Boolean algebra.

It may be shown [12] that the separators of a matroid M and its dual M* are
identical. Hence M is connected if and only if M* is, and (22), (23) and (24) are
valid with ‘‘circuit’’ replaced by ‘‘cocircuit’’. In the sequel, we shall sometimes
use (24), stated for cocircuits, as the most convenient criterion for verifying
connectedness. Using the relation between cocircuits and hyperplanes, we also
have the following criterion.

(25) M = (E, ) is connected if and only if for every x, y € E there exists
H €} such that x ¢ H and y ¢ H.

(26) We note that any matroid M is determined by its components, for if M. =
(Sl., }(i), i=1,+++,t, are the components of M, then, by (12), the hyperplanes of
M are precisely the sets of form H U Ui‘:l;i;ﬁk S, where H 6}(k.

From (13) we may also conclude the following.

(27) Every component of a matroid design is a matroid design.

We have seen that a matroid may be characterized by its independent sets, its
circuits, or its hyperplanes. In the following sections, however, we shall usually
find it most convenient to present matroids ‘‘geometrically’’ in terms of their hyper-
planes, or more generally, their flats. Correspondingly we shall use the properties
of cocircuits to deal with questions of connectedness.

Let M = (E, }) be any matroid.

(28) The O-flat of M, FO, is unique and consists of all elements not contained
in any basis of M. Such elements are called loops. By the definition of closure,
FO is a subset of every flat. Hence we may exclude all loops from M without
essentially altering the set-relationships among the various flats. To simplify the
presentation of later results, we shall therefore always assume in the sequel that
M has no loops.

(29) The 1-flats, or points, of M are analogous to points of a projective
geometry in the sense that every flat F is partitioned by the points that meet it.
This follows immediately from (4) and the assumption that the O-flat of M is null.
An m-point is a point having cardinality m, and it is said to be a simple point if
m = 1. In general, a simple flat is a flat whose cardinality equals its rank. A

simple matroid is a matroid all of whose points are simple.
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(30) A 2-flat of M is called a line. Any two distinct points are contained in
a unique line.
The following theorem expresses a basic fact about the structure of flats in

a matroid.

(31) Theorem. Let M be a rank n matroid. For any i-flat F' and k-flat F*
of M such that F' S Fk, 0 <i<k<m F* _ Fi is partitioned by the sets of form
Fi*! _ Fi where F'*! is an (i + 1)-flat containing F' and contained in F*.

Examples of matroid designs: perfect matroid designs. We shall now present
three general classes of matroid designs that have the following additional regu-
larity property: for any positive integer j, the flats of rank j all have the same
cardinality, a(j). Such matroids are a special case of matroid designs and are
called perfect matroid designs (PMD’s). PMD’s enjoy a high degree of regularity,
as the following result shows. (For proofs of the next few theorems and a detailed
treatment of PMD’s, the reader is referred to [15].)

(32) Theorem. Let M be a PMD. For any i-flat F' and k-flat F* of M such
that F'C F*, the number ty(i, j, k) of j-flats F’ such that F' C F7 C F* depends

only on i, j, and k.

Any PMD M may be very conveniently described parametrically by the numbers
d;= 00,1, = 1,(0,1,i-1), 1 <i<AM). The sequence (d ,d _,,--+,d;)
is called the d-sequence of M, and denoted by d(M). The function tM(z', is k)s
0<i<j<k<rM), is determined from the d-sequence of M by the relation

i k j j
33 i 10 B) = ( nx dm> /< ns dm>.
l=i+1 m=l l=i4+1 m=l

(34) Theorem. Necessary conditions for a sequence (dn, dn—l’ ey dl) to be
the d-sequence of a PMD are

(DO) d1=1 and dl,zl, 1<i<n.

(1) (W_, | 2% d V(. 37 d ) isan integer, 0<i<j<k<n.

(D2) di—lldi’ 2<i< n,and di+1/diz di/di—l’ 2<iln-1.

(D2) is derived from Fisher’s inequality for block designs.

We now turn to some examples of PMD’s. We shall also observe how various
classes of PMD’s are determined by the form of their d-sequences.

Let M= (E, H) be a matroid, and a a positive integer. For each element
x €E choose a set S_ of a elements in such a way that for distinct elements
x,x €E, S NS, =@ Let E'=U, g S, and let Ho=iU, oy S, HeHL
Clearly, M' = (E', H') satisfies (H1) and (H2), hence M’ is a matroid. M’ is said
to be an a-inflation of M, and M is an a-deflation of M'. Now F' is a flat of
M' if and only if F' = U, e S, for some flat F of M. Thus the lattices of a
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matroid and its inflation (or deflation) are isomorphic.

For any integers v and k such that v > & > 0, there exists a matroid design
M on v elements with hyperplane size k that is, in addition, a perfect matroid
design. Namely, let Mg denote the totally disconnected matroid on a v-set E,
and let M = M,(:.l”” be the (k + 1)-truncation of M. Where a is a positive integer,
any a-inflation M(a) of such an M is called an (a, k, v)-trivioid, denoted by
ola, k, v), and M(a) is said to be a trivial matroid design. The hyperplanes of

M(a) are precisely the subsets of E that are unions of any & distinct points.

(35) Theorem. Every sequence of form (dn, 1, 1,-++, 1) having length n is

the d-sequence of an (o, n -1, dn + n — 1)-trivioid, and conversely.

In later sections our aim will be to show that for certain integers y, every
matroid design with cocircuit cardinality y is trivial.

A second class of matroid designs arises from the so-called t-designs, or
Steiner systems.

A t-design, or more specifically, a t-(v, k, A) design, (v, 0), is a v-set V
and a system O of k-subsets of V, k < v, called blocks, such that every t-subset
of V, t>2, is contained in exactly A-blocks. (Repeated blocks are admissible in
the system ©.) We shall sometimes refer to any such pair (V, ) for short as a
Dt(u, ks, A). A BIBD is precisely a 2-design.

The following result is proved in [15].

(36) Theorem. For any integer t > 2, the bhyperplanes of a matroid M are the
blocks of a t-(v, k, 1) design with k < v if and only if M is a simple rank t + 1
PMD with d-sequence (v —ky k—t + 1, 1,+4, 1),

A third class of matroid designs consists of the classical finite projective
and affine geometries. We shall denote a finite projective geometry and a finite
affine geometry of dimension n and order s by PG(n, s) and EG(n, s), respec-

tively. Then we have the following result.

(37) Theorem. For any integers n> 2, and s > 2:
(i) every simple, rank n + 1 PMD with d-sequence (s?, s" 1, 00,5, 1) is
a PG (n, s), and conversely;
(i) every simple, rank n + 1 PMD with d-sequence (s™ s - 1),
s" s -1),+-+, s =1, 1) is an EG(n, s), and conversely.

This theorem may be derived from an extension of the Dembowski-Wagner

theorem [4] due to W. Kantor [9]. For an alternate proof, see [15].

Further examples of matroid designs. Next we shall present several con-
structions of matroid designs that are not PMD’s.

Let M = (E, }) be any rank » matroid (not necessarily a matroid design),
and let 3‘-"_2 be the set of (n — 2)-flats of M. For a given positive integer m,
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let P(m) denote the rank 1 matroid consisting of a single point on m elements
(we shall identify P(m) with the set of m elements itself), and choose P(m) dis-
joint from E. Then it may easily be verified that {' =H U {P(m) U F: F € 3""_2}
satisfies (H1) and (H2); hence H' is the family of hyperplanes of a matroid on the
set E' = E UP(m). (E', {") is called the one-point extension of M by P(m), and
denoted by M @ P(m). Suppose now that M is a matroid design, k(M) = k, and sup-
pose further that the (n — 2)-flats of M all have cardinality b < k. Then clearly

M @® P(k — b) will be a matroid design with hyperplane size k. This construction,
due to U. S. R. Murty, plays an important part in the classification of matroid
designs, as we shall presently show.

PG (2, 2) ® P(2) is shown in Figure 1. In this and subsequent matroid diagrams,
the simple points will be represented by solid nodes, and points with m > 1 ele-
ments will be represented by a hollow node containing the number m. 2-flats will
be represented by lines, and 3-flats by planes, where convenient.

Figure 1. The matroid design PG(2, 2) & P(2)

An interesting problem is to construct a simple matroid design (i.e., one with
singleton points) that is not a perfect matroid design. Such designs are surpris-
ingly rare. We shall now describe such a design having the fewest possible number
of points; in a subsequent section several infinite classes of them are described.

(38) Let L, L, be disjoint sets of three elements each, and let Q be the
set of all nine pairs {x, y} such that x € L, y € L,. Let Q be partitioned into
three sets P, P,, P3, each containing three disjoint pairs.

Now let A be a set of four elements disjoint from L, U L,, and let Q' be
the set of six distinct pairs {x, y} in A. Let P|, P,, P, be a partitioning of

Q' into three Sets, each containing two disjoint pairs of Q. We define
E=Avu Ll ulL 27

Y,={L ulyky €eE-LJ}, fori=1,2,
Z].={qu':q €P].,q'€P].'}, ji=1,2,3,
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3 2
K- (U z,.> U<U1 Yi>u1A¥.
j=1 1=

It is straightforward to verify that (E, H) satisfies (H1) and (H2), hence it is a

and

matroid. We shall denote any matroid of this form by ¥. By construction, ¥ is a
matroid design, and k(¥) = 7(¥) = 4. The lines of ¥ are precisely the sets of
form L =H,; N H, such that |Hl N H2| >2 and H,, H, are distinct members of
H. In particular, L, and L, are lines of ¥, and every other line of ¥ is simple.
Therefore ¥ is not a PMD. Finally, for every two distinct elements x, y € E, there
is a hyperplane containing x but not y, so ¥ is simple.

Representative lines and planes of ¥ are shown in Figure 2.

Figure 2. The matroid design ¥

The structure of matroid designs. We have presented the above examples to
suggest the variety among matroid designs. For more complex examples, the reader
is referred to [15]. But our main object in this paper is to show that matroid designs
are still such highly regular objects that it is often possible to completely describe
the structure of all matroid designs with given rank and cocircuit cardinality. This
problem in its generality we shall call the characterization problem for matroid
designs.

(39) We shall first observe that to describe the possible structures of matroid
designs, we will not sacrifice any substantial results by restricting our attention
to connected matroid designs, for by (27) every component of a matroid design is
also a matroid design and by (26) the components of a matroid determine the
matroid completely. Thus we define )Rn(y) for positive integers n and y to be the
family of all connected matroid designs M such that #(M) = n and c*(M) =y. We
shall seek to characterize mn(y) for various values of n and y.

(40) Second, let us recall from (12) that, for any subset A of E, the hyper-
planes of M.(E — A) are precisely the sets of foom H — A where H is a hyper-
plane of M containing A. Therefore, the cocircuits of M -(E - A) are precisely
the cocircuits of M not meeting A. In particular, c*(M) = c*(M.(E - A)).

(41) Further, let us note that, by (31), every hyperplane of M is partitioned by
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the points that meet it; hence also every cocircuit of M is partitioned by the
points that meet it.
The next theorem establishes a fundamental property of connected matroid

designs.

(42) Theorem. If M is a connected matroid design and F is a j-flat of M
(0<j<n), then M-(E — F) is a connected matroid design.

Proof. (13) says that M.(E - F) is a matroid design. The essence of the
theorem is that connectivity is preserved under the contraction of a matroid design
to the complement of a flat.

(43) Suppose that (42) has been proved whenever r(F) <j, j> 2, and let F!
be a j-flat of M. Where F'"! isa (7 — 1)-flat contained in F’, we have

M-(E - F) = (M.-(E = FI=1).(E - FY)
=M. (E = FI=Y.((E - FI=Y = (F/ = Fi-1)),

Now M-(E - F'~1) is connected, by the induction hypothesis (43), and
FI—Fi~!isa point of M.(E - F’~1), Hence M.(E - F) is connected, again
by (43). Therefore, it suffices to prove (42) when F is a point of M. (If F is a
O-flat there is nothing to prove.)

(44) Let F, then, be a point of M, and let ¢*(M) = y. We shall show that for
every x,y € E — F, x # y, there is a cocircuit C such that {x, y{C C and CN F = &,
and it will follow from (24) and (40) that M.(E - F) is connected.

With x, y, and F as above, 2 <AF U ix, y}) <3, since F is closed and AF) = 1. If
AF U {x, y}) = 2, then for any w € F, {w, x} is a basis of FU {x, y}. Where B is any basis
of M containing {w, x}, cl(B ~{x}) = H is a hyperplane containing F, but y ¢ H because
x depends on {w, y} and x ¢ H. Therefore E — H is a cocircuit as required by (44).

We may suppose then that #F U {x, y}) = 3, i.e., that {w, x, y} is independent
for any w € F. We shall show the existence of two cocircuits C; and C, such
that {x, y}CC, UC,-C, NC, and FCC, NC,. If x, y, and F are contained
in some common cocircuit, C;, choose w € F, and let B be a basis of M extend-
ing {w, x, y}. Then we take H =cl(B - {w}) and C, =E — H. If x,y, and F are
contained in no common cocircuit we let C; and C, be cocircuits containing
{x} UF and {y} U F respectively (using (24), (41), and the hypothesis that M is
connected).

With C, and C, as above, there exist, by (C2), cocircuits Cx and Cy such
thathCxSC UC, - F and y€C CC,vC, ~F. Thus C UC €C,vC,
- F; since |C | = IC | IC,l =1c, I—y and F;égi,wemusthave o nC ;é;zi
But then M' = M- (C u C ) is connected, by definition. Thus, by (24) there is a
cocircuit C of M' contammg x and y, and, by (40), C is a cocircuit of M dis-

joint from F.O
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(45) Corollary. If M emn(){) and F is a j-flat of M, then M-(E —F) €7Kn_,.(y).
This result follows at once from (11), (40), and (42).

The contraction, M- (E — F), of a matroid M to the complement in E of a flat
F will be called the contraction of M at F. We shall sometimes abbreviate
M.(E - F) to Mg. in this case. In general, it is not true that the contraction at a
flat of a connected matroid is again connected.

The trivioids of a given rank and cocircuit cardinality are particularly easy

to characterize, as the following theorem shows (the proof is left to the reader).

(46) Theorem. For any positive integers n and 'y, the trivioids in mn(y) are
precisely the trivioids of form o(a, n — 1, y/a +n — 1), where aly and a<y.

Our next two theorems establish conditions under which a matroid design is
a trivioid.

(47) For any matroid M = (E, H) we let P(M) denote the set of points of M.
Where A C E, P(A) shall denote the set of points of M contained in A.

(48) Theorem. Let M = (E, H) be a connected matroid design. If for some
point b of M, M-(E = b) is a (|b|, —, —)-trivioid and P(M-(E - b)) C P(M), then
M is a (|b|, —, =)-trivioid.

Proof. Let M-(E — &) be a (|b], k', v')-trivioid. We shall show that for every
set W of k' + 1 distinct points of My, Uy .y X € K.
(49) If b €W, then W — {b} is a set of &' points of M.(E — b), so
UX€W_{b§ X is a hyperplane of M-(E - 5), and thus Uy .y X is a hyperplane of M.
(50) If b ¢ W, let H be a hyperplane of M not containing b such that
|P(H) NW| is a maximum. There is such a hyperplane, for otherwise b would be
a separator of M (unless M) = 1, in which case E = b and M is a (|5], 0, 1)-trivioid).
(51) Suppose that ¢ € W — P(H) for some point c. Since |P(H)| = |W| = &' + 1,
there is a point d € P(H) = W, and thus W' = P(H) U {b} - {4} has cardinality
k' +1. Then H' = UXeW’ X is a hyperplane of M, by (49). From (H2)" of (22)
we conclude that there is a hyperplane H" of M such that H"Dcu H nH)
and b N H" = @. But then |W 0 P(H")] > |W N P(H)|, contradicting the choice of
H. Therefore W — P(H) = &; that is, H = Uy ., X. O
(52) In (29) we defined a simple j-flat of a matroid to be a j-flat having cardi-
nality j. We say that a j-flat is elementary if it contains precisely j points of

the matroid.

(53) Theorem. Let M = (E, H) be a connected, nontrivial matroid design. If
there exist two distinct points a, and a, of M such that M -(E - ‘11) and
M-(E — a,) are trivial, then M) = 3. Conversely, if AM) =3 then M-(E — a)

is trivial for every point a of M.
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Proof. Suppose that (M) = 3. For any point a of M, M. (E — a)) = 2, so the
hyperplanes of M.(E — a) are its points, and each has cardinality a = k(M) - |a|.
Thus M-(E — a) is an (a, 1, |E — a|/a)-trivioid.

Conversely, suppose that M is a nontrivial connected matroid design such
that k(M) =k and M, = M-(E — @) is a trivioid for distinct points a, of M,
i=1, 2. Let the points of M. have cardinality s,. #M) = n > 3, since every
matroid design of rank less than 3 is trivial.

(54) Let gi be the set of lines of M containing a_, for 7 =1, 2, and let L,
be the unique line containing 4, U a,. By (12) the points of M, are precisely the
sets of form L — a_, where L 65.)1.. Hence [L -a | = s, for every L 6531., and
the union of every n — 2 distinct sets of the form L — a, is a hyperplane of M..
Therefore, by (12), the union of every (n — 2) distinct members of Sf?i is a hyper-

plane of M, so
(55) (n—2)51+|dll=(n—2)sz+|a2|=k.

(56) Further, since the hyperplanes are proper subsets of E, each gi contains
at least (n — 1) lines, and the members of gi are themselves proper subsets of E.
(57) Let us now assume, contrary to the theorem, that AM) = n > 4. Suppose

in addition that for some line L0 € (3.2 different from le, L contains three dis-

tinct points a,, b, and c. Clearly, alz L, so every point : of L, is the inter-
section of L with a unique line L €£1. Let L, and L_ be the lines of S?l
corresponding to b and ¢ in this way. Then, by (56), there exists an (n — 2)-sub-
set £ of gl containing L, and L _ and omitting L,,. Hence H = Jr. g/ L e
and H contains b U c, but HNa, =g, so H does not contain L =cl (b U o),
which is absurd. Hence, if » > 4, every line in gz - {le} is elementary. Like-
wise, every line in 531 - {Lu} is elementary.

(58) Where b is any point of M not contained in LIZ’ it follows from the
above that @; U b and @, U b are lines of M contained in 5‘31 and 532, respec-
tively. Hence & is a point of M; and of M,. Therefore s, =5, = |b], so (55)
implies that |a,| = |a,|. Let s, =5, =0, |a;] = |a,| = a.

Since every hyperplane of M contains at least » — 1 points, and since, by
(25) and the assumption that M is connected, there exists a hyperplane of M
disjoint from a; U a,, it follows from (58) that ( — 1)o < k. By (55), (n — 2)o + a =k,
and so 0 < a. On the other hand, @, CL, - a,, and so a = |a,| <|L), —a,| =0.
Therefore @ =0, and L}, =a, Ua,. Hence M (E — al) is an (|all, - =)
trivioid whose points are points of M, so M is an (|all, —, —)-trivioid, by (48),

contrary to our hypothesis on M. Therefore A(M) = 3. 0O

(59) Theorem. If, for some n>3 and y > 1, there exists a nontrivial matroid
Me mn(y), then for every m, 3 < m< n, there exists a nontrivial matroid M_ € Wm(y).
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Proof. Let m be the greatest integer such that m < n and mm(y) contains a
nontrivial member M_ = (Em, }(m) and every member of mm—l(y) is trivial. By
(45), M_ -(Em -a) emm_l(y) for every point a of M_; hence by (53), r(Mm) =3,
that is, m = 3.0

Every connected rank 1 matroid design is a trivioid, since @& is the only
hyperplane. Likewise every connected rank 2 matroid design is a trivioid, for the
hyperplanes are identical with the points. Therefore, for every v, ml(y) u mz(y)
contains only trivial matroids.

(60) It follows then from (59) that every connected matroid design with cocir-
cuit cardinality y is trivial if and only if every rank 3 connected matroid design
with cocircuit cardinality y is trivial. More generally, we shall find that if there
exist only a few nonisomorphic matroids in m3(y), then it is frequently possible
to describe completely the members of mn(y) for every n. Hence we shall turn to

the study of rank 3 matroid designs in detail.

For a given cocircuit cardinality y, suppose there exists M = (E, H) €m3(y),
and let k(M) = k.

(61) For any point a of M, let }(a denote the set of lines (i.e., hyperplanes
of M) containing @. By (31), the sets H — @ such that H €Ha partition E — a,
and hence (k — |a|)|(|E| - |a|), or, noting that |E| - k =y, (k- |a])|y.

(62) Suppose that k — |a| =y for some point a. Then (|E| - |a|)/(k - |a]) = 2,
so a is contained in precisely two lines of M, say H, and H,. Let P(Hl) =
{a,ap,-++5a,} and P(H,) ={a, by,-++, b }. H) and H, are lines whose union
is E, and since every two points are contained in a unique line, @, U b]. is a

line for every i and j. Thus

(63) k=|a1+}":l la,.1=|a|+§ 16,1 = la,] + 1t

for 1<i<u, 1<j<v.

From (63) it follows readily that |a,| = |a,| =---= laul’ and |b,|=]b,| =
=|b|. Let a be the cardinality of the a,/s and B the cardinality of the b/s. Then
k=|a|+ua=|a|:+uﬁ=a+ﬁ,

Thus
B=(-1Da+la, la|l+ua=la|l+vlu-Da+vlal,
and

ua > vy — 1)a,

which implies v = 1.
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A symmetric analysis shows that u = 1. Therefore M contains only the three
points a, a,, and b, and a is therefore a separator of M, contrary to the hypothesis
that M Ema(y), i.e., that M is connected. Hence

(64) (k= |a|)|ly and k — |a| £y for every point a of M.

For every H € H and d, where 1 <d <k, let xg denote the number of (k — d)-
points contained in H, and let (xM) denote the k-tuple of these numbers. From
(64) it follows that

(65) H=k= 2 (e-axl.
d|yd#y

Where @, and a, are distinct points of M, (64) implies that k — |a,| = d; and
k - |a,| = d, are proper divisors of y. Since cl(a, U a,) €, la,| + |a,| <k;
hence |a,| <d, and

(66) k=lay| +d,<d, +d,<2d,

where d is the largest proper divisor of y. Thus we have proved the following

(67) Theorem. If M €, (y), k(M) = k, then
(i) For every hyperplane H of M there is a solution (xH) to the diophantine

(k — d)x j, such that xf is the number of (k - d)-points

equation k=2 d

dly ;d#y
contained in H.
(ii) k < 2d where d is the largest divisor of y less than y.

We now have the necessary tools to determine all possible matroid designs

with certain given ranks and cocircuit cardinalities.
Matroid designs with cocircuit cardinality a prime or prime squared.
(68) Theorem. If p is a prime and n > 0, every member of mn(p) is trivial.

Proof. By (60), it suffices to prove (68) when n = 3. Let M € T,(p), k(M) = k.
By (67)(ii), k < 2; hence k =2 (since every line contains two points). Therefore
M is a (1, 2, =)-trivioid. O

It is tempting to speculate that for n > 3, mn(y) contains only trivioids if
and only if y is a prime. However, this conjecture is false, as we shall subse-
quently show.

Another class of matroid designs that admits of relatively easy characteriza-

tion is m3(p2), where p is a prime.

(69) Theorem. If p is a prime, every member of m3(p2) is either (i) a
o(1, 2, p? + 2); or (ii) @ olp, 2, p + 2); or (iii) @ PG(2, p).

Proof. Let M=(E, H) € m3(p2), and let k(M) = k. The only proper divisors
of p? are 1 and p. Hence, by (67), to every line H of M there corresponds a
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solution (x, y¥) to the diophantine equation
(70) k=(k—Dx+ (k= ply

such that xf and yH are the number of (k — 1)-points and the number of (k — p)-
points in H, respectively.

(71) Suppose that for some H, xf > 0. If x* =1, then (70) says that k= (k- 1)
+ (k= p)y!!. Hence we must have k=p+ 1, y# =1 and | E|=y+ k=p2 +p+ L.
With £ = p + 1, the only solutions to (70) are (x, y) = (1, 1) and (x, y) = (0, p + 1);
hence every line consists of either one p-point and one simple point, or p + 1
simple points. Since every two points are contained in some line, M contains at
most one p-point, but, since P 1, M contains exactly one p-point. Call it
a. E' = E — a is then a union of p2 + 1 simple points. Since every pair of simple
points is contained in a unique line L, L must contain only simple points, and
hence L CE'. Where H' = {L e H: L CE'} it follows that (E', {') is a
24p? + 1, p + 1, 1) design. But then |H'| =(p? + Dp?/(p + 1)p, which is not an
integer (unless p = 1, in which case (68) proves the result).

(72) Therefore, if x>0 for some H, then xf > 2. Then, by (70),
k> (k- Dxf! > 2(k — 1), which is only possible if ' =2 and k = 2. In this case,
(x, y) = (2, 0) is the only meaningful solution to (70), and hence every line of M
is the union of two simple points. Since |E| =y + k = pz + 2, it follows that M is
a oll, 2, p? +2), which is (i).

(73) Let us therefore assume that x/1 = 0 for every H. Then from (67) we
have k= (k — p)yH, k—p)+p="(k—- p)yH and

(74) p=(k-pGH -1

Since p is a prime, the only solutions to (74) are (I) yH =2, k=2p; and

aIn yH =p+1, k=p+ 1. In case (I) every line H is the union of two p-points,

and |E| =2p+y=2p+p> = p(p+2); hence M is a olp, 2, p + 2), which is (ii).
(75) In case (II), every line H is the union of (p + 1) simple points and

|E| = pz +p+ 1. Thus M is a simple PMD with d-sequence (pz, p» 1), so, by (37)

M is a PG (2, p), which is case (iii). O

Affine extension. Our next main object will be to determine m3(pq) completely
for certain pairs of distinct primes p and ¢. To do so, however, we need to
introduce a new class of matroids.

A matroid M = (E, H) is said to be affine resolvable if there exists a parti-
tion of H into classes {? 1 <i <t} such that each class ?i partitions E. The
sets ? are called parallel classes of M.

(76) Let M be a rank 3 affine resolvable matroid with parallel classes ?
1<i<t, P(M) the set of points of M, and let M =(E', H') be a rank 2 or rank 3
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matroid with point set P(M) ={a;, ay,+++,a/,a 1,-++,a.} such that u >t

and E N E' = @. We define

X,=fa] UH:H P}, 1<i<u,
X=X,
i=1

Y=la] Uaia e P(M), 1+ 1<i<ul,

and let
H'=xuYuH it AM)=3, H'=XxUYUIE'} if (M)=2.

In either case (E UE', H") is called the affine extension of M by M', and will
be denoted by M@ M'. We claim that MO M’ is a rank 3 matroid with point set
P" = P(M) U P(M"). To establish this it suffices to show that every two members
of P" are contained in a unique member of H”, a fact that may be readily verified.
In addition, we claim that M& M’ is connected.

First, since #(M) = 3, M contains three distinct points, a, b, c. The hyper-
planes cl(a U b), cl(b U ¢), and cl(a U c) must be contained in distinct parallel
classes, hence ¢ > 3. Now to establish connectedness, it suffices to show (by
(25)) that for any two members, a, and a,, of P", there exists H € H such that
ayNH=a,NH=g. If a, a, € P(M) then any member of H' (or E' itself if
r(M') = 2) has this property. If a, € P(M) and a, € P(M), let a, € P(M') - {a,}
and let H, .+ be the unique member of R containing @, and aZ'. Since

E_g H“]“z” let al' CE - Ha als then the unique member, Ha,a, , of H" contain-.
ing a; and azl is disjoint from @, U a,. Finally, if @, a, € P(M"), let ay € P(M')
—la;, a,}; then any hyperplane containing a, and a point of M has the desired
property.

If, in (76), the cardinalities of the points and lines of M and M’ are appro-
priately related, then M& M’ will be a matroid design.

The construction (76) generalized the way in which a PG (2, s) is derived
from an EG(2, s). Indeed, a PG(2, s) is just an EG(2, s)8 (1, 1, s + 1), as
may easily be verified. However, there are many more possibilities. In Figure 3
we show two easy examples of affine extension that are not projective geometries.

(77) A very general class of affine extensions arises from certain complete
subgraphs. In our terminology, a complete subgraph of order n is just a o(1, 2, n);
in graph terminology the points are called vertices and the hyperplanes are called
edges. It is a well-known result of graph theory that for every positive integer m,
o(1, 2, 2m) is affine resolvable into 2m — 1 parallel classes. For any such m,
o(l, 2, 2m) and 0(2, 2, 2m — 1) are both rank 3 matroids, and the latter has
2m — 1 points, each of cardinality 2. It follows that o(1, 2, 2m) © 0(2, 2, 2m - 1)

is a connected rank 3 matroid, called the complete graph extension of order m,
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CGE (m). Figure 4 shows o(1, 2, 6), o(2, 2, 5), and o(1, 2, 6) & a(2, 2, 5).

Rank 3 matroid designs with cocircuit cardinality pg, where p and g are

distinct primes.

(78) Theorem. Let p and q be distinct primes such that either
(1) p<2q/3 +1; or
(2) 2¢/3+1<p<3q9/4+1

and the polynomial

®p'q(x) =(g+ Dx? — (12pg — 2¢> — 6p? +6p + 3 + 5)x + 6(p + 1)(pg + g+1)
has no positive integral root.

Then if there exists a nontrivial matroid M €7ﬂ3(pq) exactly one of the follow-
ing holds.

EG(2, 2)

¢ (2 >

EG(2,2)804d(2, 2, 3)

a(2, 2, 3)

0 3
M: a 3-inflation of EG (2, 2)
, e o o @ L ¥
M': points = hyperplanes MeM

Figure 3. Two examples of affine extension
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) (p+Dlglg+1) and M isa Dy(pg+p+1,p+1,1),ie.,a2-(pg+p+1,
p+1, 1) design.
(i) (o + Dlglg - 1) and M is a D,(pg + 1, p + 1, 1) ® P(p).
(iii) g=2p — 1 and M is an EG(2, p)S o(p, 2, p + 1).

(79) Proof. Let p, ¢, and M = (E, X) satisfy the hypothesis of (78). Since
AM) = 3, H is the family of lines of M. By (53), M_ = M-(E — a) is a trivioid for

o(1, 2, 6) 02, 2,5)

a(1,2,6)80d2, 2,5

Figure 4. The complete graph extension of order 3

(The elementary lines in o(1, 2, 6) 8 0(2, 2, 5) joining each pair

of 2-points have here been omitted for simplicity.)
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every point a of M, and the points of M are its hyperplanes. Let 0= k(Ma).
Since the points of M are disjoint, 3|c*(Ma) = pg, and hence 8 =1, p, q, or pq.

(80) I =1, M_ isa o(l, 1, pg + 1);
if 6=p, M, isa olp, 1,9+ 1)
if =g, M, isa olg, 1, p+ 1);
if 8=pq, M, is a olpg, 1, 2).

(81) Now M_ is nota o(pg, 1, 2), because olpg, 1, 2) is just the union of
two disjoint hyperplanes (points), and hence is not connected, which contradicts
(42) and the assumption that M is connected.

(82) Suppose that all points of M have cardinality a.

If @ is any point of M, the points of M_ are partitioned by points of M, and
hence |3; i.e., @ =1, p, or ¢q. If a = p, then 8 = p and hence M is a
o(p, 1, g + 1) and P(Ma) C P(M). But then, by (48), M is a trivioid, contrary to
hypothesis. A similar conclusion holds if a = ¢q. Hence a =1, and since M is
nontrivial, the same argument used above shows that M_ is not a o1, 1, pg + 1).

(83) If M_ is a olp, 1, g + 1) for some point a of M, |a| =1, then the cardi-
nality of every line containing a is p + 1, and there are g + 1 such lines. There-
fore |E| = pq + p + 1. Likewise, if M_ is a olg, 1, p + 1) for some point a, then
|El = pg + q + 1. Since pg+ p + 1 # pg + g+ 1, it must be that either M_ is a
olps 1, g + 1) for every a € P(M), or M isa olg, 1, p + 1) for every a € P(M).

(84) If M, is a olg, 1, p + 1) for every a € P(M), then every line of M con-
tains g + 1 points and every two (simple) points of M are contained in a unique
line. Therefore, since |E| =pg+q+1, M isa D,(pg+g+1,g+1,1) and its
d-sequence is d(M) = (pq, ¢, 1). But pq/q < q/1, so d(M) does not satisfy (34)
and M does not exist.

(85) f M, is a olp, 1, g + 1) for all a € P(M), then, reasoning as in (84), we
find that M is a D,(pg + p + 1, p + 1, 1) with d-sequence (pg, p, 1). By (33), the
number of lines of M is |H| = ty(0, 2, 3) = (pg + p)pg + p + 1)/p(p + 1), which
must be an integer. But

(pg+pXpg+p+1) (g+pg+p+1) (g+1pg N

= +1,
pp+ 1) p+1 p+1 1

so (p + 1) must divide g(g + 1). This is precisely statement (i).

(86) We may suppose therefore that the hypothesis of (82) does not hold, and
that M contains two points of unequal cardinality.

(87) Suppose that M, is a o(1, 1, pg + 1) for some point 4. Since every
point of M_ contains a point of M, it follows that all points of M except a are
simple. Thus a U b is a line of M for every b € P(M) — {a}. Therefore, for
b € P(M) - {a}, a is a point of M,, and so we must have |a| = p or 4] = q. Let
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us also note that under our hypotheses |E| = pq + 1 + |a|. If |a| = g, then the

lines of M all have cardinality g + 1. Let }_(a be the set of lines not containing

a. Clearly, M' = (E -~ a, { ) is a simple rank 3 matroid design and k(M) =g + 1.

Therefore M' is a Dz(pq +1, g+ 1, 1) design and the d-sequence of M is

dM") = (pq - q> 9, 1). However, (pq — q)/q < q/1, contradicting (34). _
Hence |a| = p. A similar argument to the above shows then that M' = (E - a, }(a)

isa D,(pg +1,p+1,1),and dM') = (p(g - 1), p, 1). In particular,

[plg - 1) + pllplg - 1) + p + 1] , dlg-1)
ZM:(O, 2, 3) = = —_—

p(p+ 1) ! p+1
must be an integer, hence (p + 1)|g(g + 1). Since a U b is a line of M for every
bePM), Misa Dypg+1,p+1,1) ®P(p), which is (ii).

(88) By (86) and (87), we may therefore suppose that M contains two points
of unequal cardinality, and that for every point @ of M, M_ is a o{p, 1, g +1) or
aolg, 1,p+ 1) If M, isa olp, 1, g + 1) then |H - a| = p for every line H con-
taining a, and hence |a| = k - p. Conversely, if |a| = k —p, then clearly M_ is not a
olg 1, p+ 1), s0 M_ isa olp, 1, g +1). Thus M, is a o(p, 1, g+ 1) if and only
if |a| = k- p, and, similarly, M is a o(g, 1, p + 1) if and only if |a| = k~g. In
particular, every point has cardinality k — p or k — ¢, and each of these cardinali-
ties is assumed by some point.

(89) By (67) and (88), to each line H of M there corresponds a solution
(af, BH) to the diophantine equation

(90) (k - 9at + (k — p)BH =k,

H is the number of (k — ¢)-points in H and B is the number of (k — p)-

points in H. We shall show that 0 < 8 <3 for every H € K.
(91) By (88), |a| = k — g for some point a; hence k> g + 1.
(92) Suppose that R > 4 for some H € H. If a¥ =0, then by (90),

where a

Bk —p =k=p+k—-p), and B -1k -p)=p,

which is impossible, since BH -1>1and k—p>g+1-p>1. Therefore
alt > 1. Thus we have

k=afl(k—q)+ Bk - p)> 1+ 4k - p),

whence 4p > 3k + 1, and, using (91), p > 3g/4 + 1, which implies p > 3q/4 + 1,
since ¢ is a prime. This contradicts our hypotheses on p and g, and proves that

(93) 0<B"<3 forevery HeH.
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(94) Suppose now that k> g + 1, and we shall derive a contradiction.

(95) If there exists a line H such that B = 0, then from (90) we have that
(af - 1)k - q) = q. Therefore we must have af' =2 and & =2g. By (88), let a
and b be a (k — ¢)-point and (k — p)-point of M, respectively. Then |a| = g, || =
2g — p, and the line H' = cl(a U b) has cardinality |H'|>29 - p+g>29="4, 2
contradiction. Therefore under hypothesis (94), 87 > 1 for every H € }.

(96) 1f ﬁH =1 for some line H of M, then (90) implies that alk - q) = p.
Hence k= p + g and afl 1. Bue then, by (88), every point of M is a p-point or
a g-point, and therefore k = p + g implies that every line of M is of the form a U b,
where a is a p-point, b is a g-point. Since M contains at least three points, it
contains two distinct points ¢ and ¢’ of equal cardinality, and hence the line
cl(c uc') is not of the above form. Thus we have a contradiction.

(97) We may therefore assume that, if £> g + 1, then B =2 or B =3 for
every line H of M. Suppose that (af, M) and (aH', BH') represent two distinct
solutions to (90). Clearly, both af’’ £ af and BH' £ BM. Let us assume then
that B =2 and BH' = 3. Then

k= q) + 20k = p) = ky and a'(k = g) + 3(k - p) = &,

whence (2af - ") (& - q) = p. Since k> g + 1, we must have k — g = p, which
leads to a contradiction just as in (96). Therefore the solution (a¥, Bf) to (90)
is the same for every H €}, and either B =2 o B =3, K B =2, every line
H contains exactly two (k — p)-points. Let P, _ (M) be the set of (k — p)-points
of M, and let a be a (k — g)-point. Then M_ is a olg, 1, p + 1), |PM )| =p+1,
there are exactly p + 1 lines H containing a, and the sets H — a partition E — a.
Hence lPk__p(M)l =2(p + 1). On the other hand, if b is a (k — p)-point, then M,
isa olp, 1, g + 1), and so the g + 1 lines containing b each contain one (k — p)-
point other than . Hence |Pk_p(M)| =g+2. Thus 2(p+1) =g +2,s0 2p=q,
which is impossible. If BH = 3, a similar argument shows that 2(g + 1) + 1 =

3(p + 1), whence 2g = 3p. Since p and ¢ are primes, this expression implies that
p =2 and g = 3. However, in that case (90) becomes af(k —3) +3(k —2) =k, or
equivalently, (a¥ 4+ 20k — 3) = 0 and thus k= 3. But then k — ¢ = 0, which con-
tradicts (94).

(98) It follows that & =gq + 1.

(99) By (88) and (98), M contains only simple points and u-points, where
u=gqg—p+1. Further, M_ isaolg, 1, p + 1) for every simple point a, so every
simple point is contained in exactly p + 1 lines of M. Similarly, every u-point is
contained in exactly ¢ + 1 lines of M.

(100) Suppose that some line H contains only simple points. Then H contains
g + 1 points. Let a € P(H), and let H' be a line distinct from H containing a.

i q . . . !
Because |H' —a|=¢ and ufg, H — a must contain a simple point a'. For each
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b € P(H), there is a unique line containing b and a'. Hence altogether a' is con-
tained in at least g + 1 distinct lines, contradicting (99).

(101) By (99) and (100) it follows that every line of M contains at least one
u-point.

Now let us consider the special case g =2p — 1. In this case k=g +1=2p

and u = p. For every line H, (af, BH) therefore satisfies
(102) af By =2p, BH>1.

It is easy to check that (af, BH) = (0, 2) and (afl, B = (p, 1) are the only non-
negative integral solutions to (102); i.e., every line of M consists of either two
p-points, or one p-point and p simple points. Since every simple point @ is con-
tained in exactly p + 1 lines, and since each of these lines contains exactly one
p-point, M contains exactly (p + 1) p-points. Let P (M) be the set of simple
points of M, Pp(M) the set of p-points of M, and let A = UaePl(M)
{HNA:H el and (a¥, BH) = (p, 1)}. Every two distinct elements x, y € A are

contained in a unique member of HA’ namely clix, y} - b, where b is the unique

a,}(A=

p-point contained in clix, y}. Further, every member of HA has cardinality
k — p = p. Finally,

|A] = |E| - p[P, (W] = k+ pg — plp+ 1) =2p+ p2p — D = p” - p = p.
Therefore (A, }(A) is a rank 3 PMD with d-sequence (p(p — 1), p — 1, 1), and so
(4, H,) is an EG(2, p), by (37). Since k = 2p, the union of every two distinct
p-points is a line of M. Thus, where B = Ubst(M) b, and }(B is the set of lines

of M contained in B, (B, }(B) isa a(p, 2, p + 1). Finally, the set of lines con-
taining any fixed p-point of M and meeting A forms a parallel class of (4, HA)
when restricted to A. It follows that M is an EG(2, p) S cr(p, 2, p+ 1), This is
precisely case (iii).

(103) It remains to show that if ¢ £ 2p — 1 and (98), (99), and (101) are satis-
fied, M cannot exist.

(104) Every line of M contains a simple point. Suppose to the contrary that

some line is a union of u-points. Then u|k; that is (g = p+ 1|(g +1). But then
(g - p + D)|p, which implies that ¢ — p + 1 = p (since g > p), and hence g=2p — 1,
contrary to our current hypothesis.

(105) Every line of M contains at least two u-points. Indeed, by (101), every
line of M contains at least one u-point. Suppose that H, is a line containing
exactly one u-point. Then H contains p simple points and p + 1 points in all.
Let E' = E — H, and W' ={H e X: HC E'}. For a given simple point @ contained
in E' and each point & in H, there is a unique line containing @ and b, and it
intersects H only in b. Hence there are p + 1 such lines. But a is contained

in a total of p + 1 lines; hence every line containing @ meets H,. Therefore,
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every line H' € ' is a union of z-points, which we have shown in (104) to be
impossible. Thus H' must be empty. However, let a be a simple point in H, and
let H, be a line distinct from H containing a. Then, H, contains a u-point b,
b CE', and there are exactly (p + 1) lines containing b and meeting H,. Hence,
by (99), exactly (g+ 1) = (p+ 1) =g — p>1 lines of H' contain b, so {' is non-
empty, a contradiction.

(106) (93) and (105) together imply that, for every line H, B =2 or Bf = 3.
Using the fact that k= g + 1, we obtain, from (90),

,BH =2 implies afl o 2p—q—1 for every H e X, and

BH =3 implies af = 3p — 24 — 2, for every H € H.

Let }(l be the set of lines (type-l lines) containing (2p — g — 1) simple
points and 2 u-points, and let }(2 be the set of lines (type-2 lines) containing
3p — 29 — 2 simple points and 3 u-points.

(107) Let x be the number of u-points in M, and let T, be the number of type-i
lines containing any simple point of M, i=1, 2. We must show that 7, and r,
are well defined. This follows by observing that r; + 7, =p+1,and r; =3(p +1) - x.
The last relationship follows from the fact that every simple point a lies on
(p + 1) lines, each containing at most three and at least two z-points. Hence
3(p+1)>x>2(p + 1), and 3(p + 1) — x is the number of lines containing a with
precisely two u-points.

(108) Let R be the number of type-i lines containing any u-point, i =1, 2.
Reasoning as in (107), we find that

R, +R,=(g+1) and R;=Q2(g+1D+1)-x,

and hence R, and R, are well defined.
(109) Letting y denote the number of simple points in M, we have
(g—p+VDx+y=pg+qg+1=|E|, where x>0 and y > 0 by assumption.
(110) Let b, denote the number of type-i lines in M, i =1, 2. Since every
type-1 line contains 2p — ¢ — 1 simple points, and since every simple point is
contained in 7, type-l lines, we have, using (107) and (109),

(111) 2p—q-Db;=ry=0(@p+ 1) - x)pg +q+ 1= (g—p+ Dx).

Using similar arguments we obtain the following equations.

(112) 2hy =Rx=[2(g+ 1)+ 1= xlx,
(113) Gp-29-2Db,=ry=lx -2+ Dllpg+g+1-(g-p+ x],
(114) 3h, = R,x = [x — (g + 2)]x.

These four equations in by, b,, and x must have a positive integral solution
for M to exist. The equations are consistent, as may be verified by eliminating

bl and bz.
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(115) Suppose that for some solution to this system, b, =0. Then x =g+ 2,
by (114) and (109). Substituting by = 0 and x = ¢ + 2 in (113) we have that either

g+2-2(p+1)=0 or (pg+q+1)-(g-p+1)Ng+2)=0.

The first implies that 2p = ¢, which is absurd. The second yields

pa+a+l=q"-pg+3g-2p+2,
2pg+2p=q>+2¢+1, 2plg+1)=(g+1)7?
so 2p = g + 1, which is contrary to our present hypothesis (103).
Therefore we may assume that b, > 0. Further, 7, >0 and y >0, so (113)
implies that 3p - 2¢g — 2> 0, and hence p > 2q/3 + 1.
Eliminating b, from (111) and (112), we find that x must be a positive integral
root of the quadratic Gp'q(x):

(116) (g + Dx? = (12pg — 2¢% — 6p* +6p + 3 + S)x + 6(p + 1)(pg + g + 1) = 0.

However, since p > 2g/3 + 1, Op’q(x) has no positive integral root. Hence
the equations (111)—(114) have no positive integral solution, and M cannot exist.
Thus (103) is proved, and likewise the theorem. O

The proof of (78) is valid for any pair of distinct primes p and g for which
p <349/4 + 1 and the associated equations (111)—(114) have no positive integral
solution in x. The pairs (p, q) as above for which such solutions do exist, or
even those pairs for which only ("‘)p'q('x) has a positive integral root, appear to be
very rare. In fact, the pair (17, 23) is the only one known to this author. The
existence of a rank 3, nontrivial matroid design with cocircuit cardinality
17 .23 = 391 is unknown at this time. (If such a matroid does exist, the structural
information about it obtainable from the above proof shows that it is closely re-
lated to an affine plane of order 10, and probably at least as hard to construct.)

In the statement of (78), if the prime p satisfies 2¢/3 + 1 < p <3q/4 + 1
then it is straightforward to show that none of the conditions (i), (ii), (iii) can hold.
Thus, using (60), we have the following.

(117) Corollary. If p and q are distinct primes such that 2q/3 + 1< p<3q/4+1
and 0, q(x) has no positive integral root, then every connected matroid design

with cocircuit cardinality pq is trivial.

If, on the other hand, p <2¢/3 + 1 and (p, q) £ (2, 3), (p, q9) # (3, 5), then it
may easily be shown that at most one of the conditions (i), (ii), (iii) of (78) can
hold. Moreover, under these assumptions p + 1 must be relatively prime to ¢, and

hence the conditions (i), (ii), (iii) may be simplified to yield the following result.

(118) Corollary. Let p and q be distinct primes such that p<2q/3 + 1 and
(0, 9) # (2, 3), 3, 5.
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() If (p+ D|(g + 1), then every nontrivial member of m3(pq) isa
D,pg+p+1,p+1,1).
(ii) If (p + D|(q = 1), then every nontrivial member of Ws(pq) isa
D,(pg + 1, p + 1, 1) & P(p).
(iii) If q = 2p — 1, then every nontrivial member of ms(pq) is an EG(2, p)S
alp, 2, p + 1).
(v) If (p+ DF(g+1), (p+1)4(q— 1), and g #2p— 1, then every connected

matroid design with cocircuit cardinality pq is trivial.

The pair of primes (7, 11) satisfies (308)(iv); hence there are no nontrivial
matroid designs with cocircuit cardinality 77. The pair (5, 7) satisfies (308)(ii),
and thus every nontrivial member of m3(35) must be an EG (2, 6) ® P(5). But there
exists no EG(2, 6). Hence by (241) every matroid design with cocircuit cardinality
35 is trivial. The class of cocircuit cardinalities for which no nontrivial matroid

design exists is therefore larger than the class of all primes.

Characterization of higher rank equicardinal matroids. We turn our attention
now to the problem of determining mn(y) when n >3 and y is the product of two
primes.

(119) Theorem. (i) Where p is an odd prime, every member of U:___4 m"(pz)
is trivial.

(ii) The only nontrivial member of Yooy M _(2%) is the rank 4 matroid EG (3, 2).

Proof. Let p be a prime (either odd or even), and let M = (E, H) be a nontrivial
member of m4(p2)-.

(120) Ma =M.(E - a) is nontrivial for some point a of M, and hence Ma is a
PG (2, p), by (69). In particular, M, is simple; hence P(M,) U {a} = P(M). By the
same reasoning, M, is a PG(2, p) for some b € P(Ma), hence a is also simple.
Therefore, M is simple, and

(121) |E| = |P(M )| + la| = p* + p+ 2.

(122) Mb is nontrivial for every point b; for otherwise, by (69), M, would be
aoll, 2, pz +2) ora olp, 2, p+2) and correspondingly |E| = pz +3 or |E| = p2
+2p + 1, contrary to (121).

(123) Hence Mb is a PG(2, p) for every b € P(M). It follows that all points
and lines of M are simple, and E(M) = p + 2. (Recall that a simple k-flat is a flat
of cardinality k.) It follows that M is a PMD with d-sequence dM) =(P2, py 1, 1).
If p=2,then dM)=(4,2,1,1),s0 M is an EG(3, 2), by (37). If p # 2, con-
sider the number 1,,(0, 3, 4) of hyperplanes in M. Using (33),

P+ )2 +p+ D7 +p+2) (p? +p + 1)p?

2
+p°+p+ L.
p(p + D(p +2) p+2

ty(0, 3, 4) =
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Now, since p > 2, p2 and p + 2 are relatively prime, so (pz +p+1)/(p+2) =
p — 1 +3/(p +2) must be an integer, which is absurd. Hence, for p # 2, every
member of m4(p2) is trivial, so every member of U:___4 mn(pz) is trivial, and (i)
is proved.

To complete the proof of (ii), we shall show that if M = (E, H)y e (2 ), then
M is trivial. If M is nontrivial, then by (123) M_ =M. (E —a) is an EG(3 2) for
some point a of M. Using the fact that an EG (3, 2) is simple, an argument similar
to that of (120)—(122) shows that M is an EG(3, 2) for every point a of M. It
follows that M is a PMD with d-sequence (4, 2, 1, 1, 1). But then,

G+2)4 +2+1D)Ed+2+1+ D)4 +24+14141) 6.7.8.9
2.3.4.5 S 2.3.4.5

which is no integer, and therefore no such M exists. Thus every member of

tM(O) 4) 5) =

ms(zz) is trivial, which, combined with (59), completes the proof. O

The determination of mn(pq) for n> 4 when p and ¢ are distinct primes
such that p < 2¢/3 + 1 has not been completely solved. We know, for example
(see [15]), that mn(6) contains nontrivial matroid designs for 3 <n < 18. Like-
wise mn(IS) contains a large variety of structures for n > 4. Excluding these
cases, however, we can state some rather general results. In what follows, we

shall treat the various cases corresponding to (i), (ii), and (iii) of (118) separately.

(124) Theorem. If p and q are distinct primes such that g = 2p — 1 and
(b, 9) # (2, 3), (3, 5), then every member of \J° mn(pq) is trivial.

n=4
Proof. It suffices to prove that every member of m4(pq) is trivial. Let

M= (E, }) €I, (pq) be nontrivial; then by (53) and (118) there is a point a such

that M is an EG(2, p) S a(p, 2, p + 1). The simple points of M, are simple

points of M, and there are more than two of them, so Mb isan EG(2, p) ©

olp, 2, p + 1) for some simple point b. Thus

(125) |E| =2p% +p+ 1.

Let d, dys--, dp+l be the p + 1 p-points of M,. L .=d, U b is thena
line of M for each 7, 1 <7 < p+ 1. Suppose that for some i, d; is also a point of
M. Since |E —d | =2p + 1, M, is notan EG(2, p) @olp, 2, p + 1) so, M
must be trivial. Since L, —d, is a simple point of M, Mg, must be a
o(1, 2, pg + 2), which contradicts the fact that |E — dil = 2p? + 1. Therefore di

is not a point of M for 1 <i<p+ 1, and each line L, contains three distinct

d;

points of M: b, e’i, el

Suppose now that Mc is trivial for some point c. Then the union of every two
lines of M containing c is a hyperplane of M. Let L be distinct from cl(b U ).
Then H=cl(cuej) ucl(cu e;) is a hyperplane of M disjoint from b; but
bCL, = clie;, e;}) C H, a contradiction.
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Therefore for every c € P(M), M_ is an EG(2, pealp, 2, p + 1). In partic-
ular, for every ¢ € P(M), |c| =|E| - (262 + p) = 1, by (125); hence M is simple.
Now an EG(2, p) contains exactly p2 + p lines, and a o(p, 2,p + 1) contains
(p2 + p)/2 lines. Thus, by construction, an EG(2, p) © a(p, 2, p + 1) contains
exactly prvp+ (p2 +p)/2 = 3([72 + p)/2 lines, and further, each line has cardi-
nality 2p. Therefore every point of M is contained in exactly 3(p2 + p)/2 hyper-
planes of cardinality 2p + 1, so

3p2 +p) Qprap+1) ) 3p(p2 + p) 3(p% + p)

H| = .
=== 2 22p+ 1)

Since 3p(p? + p)/2 is an integer, 22p + 1)|3(p ? + p), and since p is a prime
and p # 2 by hypothesis, we must have 22p + 1)|3(p + 1). Thus 4p +2 < 3p + 3,
which is absurd. Therefore m4(pq), and hence U:’:‘i ')ﬂn(pq), contains only
trivioids. O

Preparatory to considering U2°=4 mn(pq) for cases (i) and (ii) of (118), we
need to introduce the following general concept. For any matroid M, the indepen-
dence number of M, B(M), is the largest integer k for which every k-subset in M
is independent. Thus B(M) > 2 is equivalent to the statement that M is simple.

(126) Theorem. If, for some integers y > 1, n >3, and m > 2, every nontrivial
M €mn(y) satisfies B(M) > m, then for every integer n' > n and every nontrivial
M € mn,(y), BM) > m+ (2" = 7).

Proof. First, if every member of 'm"(y) is trivial, then every member of
)T(n,(y) is trivial for n' > 7, by (59), and the theorem is vacuously true. Second,
let us observe that for any matroid M, B(M) < M); hence m < n. We shall prove
that if (126) holds for »' > n, it holds for »n' + 1. (Clearly it holds if n' =n.) Let
M=(E,}) €mn,+l(y) be nontrivial. M is simple, because otherwise we could
find a point @ of M such that M_ is both nontrivial and nonsimple, i.e., such
that ,B(Ma) =1, which contradicts the induction hypothesis. Further, every line of
M is simple. If not, let L be a line containing three distinct points a, a,, ;.
Since L — a; is a point of Mg, for each i, Mg, is nonsimple, hence a trivioid.
But then M is a trivioid, contrary to hypothesis.

Now, let S be any subset of E having cardinality m + (n' +1) = n and let
x €S, If M{x} is nontrivial, then by the induction hypothesis the (m + n' — n)-sub-
set S - {x} is independent in My 3 hence S is independent in M. If My ; is tri-
vial, then, since every line of M is simple, it must be the simple trivioid
ol1, k(M) — 1, |E| - 1). Since r(M{x}) =n', every n'-subset of E - {x} is indepen-
dent in My ;. Since m <, it follows that the (m + n' — n)-subset S —{x} is inde-

pendent in M¢_3 from which it follows that S is independent in M. O
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(127) Theorem. If p and q are distinct primes such that (p + 1)|(g + 1), then,
for n> 3, every nontrivial member of mn(pq) isaD _ l(pq +p+n-2,p+n-2,1).

Proof. If p and g are distinct primes such that (p + 1)|(g + 1), then certainly
p <2q/3 + 1, and, further, (p, q) # (2, 3), (3, 5).

Hence, by (118)(i), every nontrivial member of ma(pq) is a Dz(pq +p+L,p+ 1, 1),
and is therefore simple. With m=2 and n =3 in (126) it follows that B(M) > n' —1
for every nontrivial M emn,(pq). But then every such M is a PMD with d-sequence
of form (pg, @, 1,+++, 1), a sequence of ' terms.

Thus by (34) we must have pg/a > a/1 and a|pg, so a = p. Thus every such
M has d-sequence (pg, py 1,+++, 1), so by (36), M is an (n' - 1)—(pq+p+n' -2, p+n' -2,1)
design. O

In the final case, where p and g are distinct primes satisfying p < 2¢/3 + 1
and (p + 1)|(g — 1), there is a great variety of structures in mn(pq) for n> 4. We
shall, therefore, restrict our attention to the analysis of m4(pq) in this instance.

As a preliminary, we are going to introduce a generalization of t-designs that
has a considerable theoretical interest in its own right.

Let & be a collection of nonempty subsets partitioning a finite set E. A sub-
set T of E such that [T N S| <1 forevery S € S is said to be a partial transversal
(PT) of S, and |T| is its length. v

A triple (E, 8, 9) is a transversal design with parameters ¢, v, s, k, A, where
v>k>t>2, s>1, A>1,if

(i) § is a family of v nonempty disjoint subsets that partition the finite set
E and |S| = s for every § €9,

(ii) J is a family of PT’s of & such that |T| = k for every T € J;

(iii) every PT of length ¢ is contained in exactly A members of J.

For short we refer to any such triple (E, 8, 9) asa TDl(u, s, ks A), and to any
transversal design in general as a TD.

Certain subclasses of transversal designs have played an important role in
the construction of BIBD’s. TD’s with ¢t =2, v = k, and A = 1 have been called

T-systems by Hanani [7]; and systems with ¢ = 2 are known more generally as
group divisible designs. Also, as we shall presently show, the existence of TD’s
with v = k is equivalent to the existence of so-called orthogonal arrays. Thus,
transversal designs generalize these various notions in much the same way that
t-designs generalize the concept of BIBD’s.

The application of transversal designs to the construction of matroid designs

is as follows.
(128) Theorem. Let (E, 8, J) be a TD,(v, s, s + 1, 1) for some integer s > 2,

and let H be the family T U {S U {x}: S €S and x € E — S} of (s + 1)-subsets of
E. Then (E, H) is a simple rank 4 matroid design, and, if s >3, (E, H) is not a PMD.
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Proof. (129) Where H, and H, are distinct members of }, clearly either
HyNH, =S5, for some i, or else H, NH, isa PT of length <2 (possibly
empty). Conversely, since s> 2, every $. may be writtenas S, = (Si Uik n
($; U ty], where x and y are distinct members of S, for some i # 1. Likewise,
every PT {x, y} of S of length 2, where x €S and y € S , may be written as
{x, yl = (5 ulydn (5 U {x}). Thus every member of £ = .(f U §, where j' is
the set of PT s of length 2, is representable as the intersection of members of K;
moreover, every such nonempty intersection is either a singleton or an element of
€. We shall show that for every L € and x € E = L, L U {x} is contained in a
member of X, and it will follow from the preceding remarks that M is a simple
rank 4 matroid design with line-family € and hyperplane-family X. Further, M
will be a PMD if and only if the lines are equicardinal, that is, if and only if s = 2.

(130) Let L €€ and x € E ~ L. If L =S, for some 7, then L U {x} e by
construction. Otherwise, L = {a, b} for some a €S and & €S, where i#ig.If
x €S, j then L U {x}C S U a} € H, and a similar result holds 1f x €S .. Otherwise,
x € S for some index k distinct from i and j. Then {a, b, x} is a parual trans-
versal of length 3, hence it is contained in a unique member of J c H.o

Any matroid (E, H) constructed as above from a TD, (vs sy 5+ 1, 1) will be
called a TMD (v, s) (transversal matroid design with parameters v, s). The hyper-

plane cardinality of any TMD (v, s) is s + 1 and the cocircuit cardinality is
(v - s - 1.

(131) Theorem. If p and q are distinct primes such that p <.2q/3 +1 and
(p+ DI(g = 1) but (p, q) £ (2, 3), (b, @) £ (3, 5), then every nontrivial member of
m {p9) is either (1) @ Dy(pg +2, p+2, 1) ®P); or (i) aTMD(g + 1 — (g —D/p+ 1), p+ 1.

Proof. Let M =(E, ) €m4(pq) be nontrivial.

Suppose first M is not simple, and let a € P(M), |a| > 1.

By (53) and (118), there is a point b # a such that M, is a Dz(pq +1,p+1,1) ®P(p),
which we abbreviate for this discussion by D,(p). Evidently, cly(a U b) - b is
the unique nonsimple point of M,, hence every point in P(M) — P(cly(a U b)) must
be simple. There are at least two such points; hence there is a simple point
¢ € P(M) — P(cly(a U b)) such that M, is a Dz(p). Then, as above, we conclude
that every point in P(M) — P(cl,(a U ¢)) is simple, and so a is the only nonsimple
point of M. Moreover, since |a| # |5/, M, and M, are nonisomorphic matroids.
Thus, M is not a D,(p), so, by (118) M, is a trivioid.

Let a be the common cardinality of the points of M. Then alc*(Ma) = pq;
hence a =1, p, g, or pq. Suppose that @ > p, and let L be a line of M containing
a. Then |L — a| = a > p> 2. Since the points of M in L — a are simple, M, is
nontrivial, hence a D,(p), for some simple point d in L —a. But L —d isa
point of M, and |L — d| > p, which is impossible because a D,(p) contains no
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m-point for m > p. Hence a =1 and M, must be a oll, 2, pg +2).

Since M is a D,(p), |E| = pg+p + 1+ |d| = pq + p + 2; whereas from
M, =0(1, 2, pq + 2) we have that |E| = pq + |a| + 2. Thus |a| = p. Further,

k(M) =p + 2.

Let X' be the family of hyperplanes and £’ be the family of lines of M con-
tained in E — a. For any distinct elements x,y €E —a, L = clM({x, y} €&, for
otherwise a C L, and hence |L| > p + 2 = k(M), which is absurd, because L is
properly contained in some hyperplane of M. For any L € £, clM(L ua) el
hence |cl, (L U a)| = p + 2. Thus, |L| = 2, i.e., every member of £’ is simple.
For any L € " and x€(E-a)-L,H= clM(L U {x) €X', otherwise |H| > |L U x|
+ |a| = p + 3> k(M), which is absurd.

Thus, M’ = (E — a, ') is a simple, rank 4 PMD with d-sequence (pg, p, 1, 1),
soM isa D3(pq +2,p+2,1). Since M=M'@®a, M is a Da(pq+2,p+2, 1) ® P(p).

Suppose on the other hand that M is simple. Then M_ is a D,(p) for some
a € P(M), and it follows by considering the sizes of the possible trivioids in
M,(pg) that M is a D,(p) for every a € P(M). We also note that |E| = pg + p + 2
and k(M) = p + 2.

Since a Dz(p) contains exactly one nonsimple point, which has cardinality
p, it follows that every point of M is incident with exactly one nonsimple line,
which has cardinality p + 1. Thus E is partitioned by v=¢g+ 1 — (g — 1)/(p + 1)
lines of cardinality p + 1. Let the family of these lines be denoted by
S= {Sl’ 52,... , Sv" Since k(M) = p+2 Si U {x} e N for any Si €98 and
x €E—S. Let H':fsiufx}: \p €8 and x €E -5} Forany H e -},

[HN S| <1 for every A S (since H is closed); thus, H is a partial transversal
of length p + 2.

Any partial transversal 7 of & having length 3 is contained in no line of M,
hence cl(r) € K, and clearly cl(r) ¢ H'. It follows that (E, &, H - H') is a
TD3(q +1-(g-D/(p+1),p+1,p+2,1), and, by (129), M is a
TMD(g+1 -(g-1)/(p+ 1), p+1).0

The existence of transversal designs. Little appears to be known about the
existence of transversal designs in general. However, enough is known about
certain subclasses to establish the existence of several infinite classes of trans-
versal designs that give rise to matroid designs.

First let us make two general observations about TD’s. For a given
TD (v, s, ks A), D =(E, d, J), standard counting arguments may be used to show

that the number of transversals in D containing any length-i transversal of S is

(132) )\—)\(v_l) /(’::z 0<i<t

The requirement that the numbers '\i be integers generalizes the consistency con-
ditions for BIBD’s.
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Secondly, as in the case of t-designs, we may ‘‘compose’’ certain pairs of

TD’s, as shown in the following theorem.

(133) Theorem. If there exzsts a TD (v, Sy, ky 1) and a TD (w, s’y vy A,
then there exists a TD (w, ss' , ks A

Proof. Let (E', &', T") be a D (w, s's vy A"), where &' = {S 2 ye ey Sl:/},
and the members of E' are chosen to be disjoint sets, each of catdmahty s. Then
each T €J' is a collection of v disjoint s-sets, so let (UxeT x, T, TT) be a
TD (v, s, k, 1). For each i, 1 <i<w, let Si =U,es % and let S ={Spseee5 S,k
Further, let E = U eprxand T =y 0 T !

Let A = {a ,a}beaPTofnS wherea €0, €S for each i, 1 <i<t
Then lo,--+, 0, } isa PT of &' of length ¢, and hence is contained in A’ members
of J'. For each T edJ’ containing {01, oy 012, there is precisely one member of
f'rT containing A, and hence altogether there are precisely A’ members of J con-
taining A. Thus (E, 8, J) is a TD (w, ss'; ks Ao

Except for the t-designs, the only class of transversal designs about which
much is known are those in which the transversals are full, that is, those for
which v = k. For this case the consistency conditions of (132) are always satis-
fied. Let (E, 8, J) be a given TD (k, s, k, 1), and for each S €8 let us number
the elements 1,2,++-, s and let us index the sets in O Sys++s S,. With each
given transversal T we then associate the column vector C,. whose ith element
is defined to be the number of the unique x € S. NT. Any array of these Ast
column vectors is a k x As! matrix A with entries from 1, 2,+++, s such that any
t-rowed submatrix of A lists every ordered triple from 1, 2,-.-, s exactly A
times. Thus A is an orthogonal array OA (As!, k, s, t) of size As’, order k, level
s, strength ¢ and index A.

Conversely, given an orthogonal array OA (As’, k, s, t) its columns define the

transversals of a TD’(k, s, kst) on k disjoint s-sets, one for each row.
There are a variety of results concerning the existence of orthogonal arrays.

A very basic one is that the existence of an OA (s2, ks s, 2) is equivalent to the
existence of k£ — 2 mutually orthogonal Latin squares of order s [1]. Of particular
interest here is Bush’s construction [2] of an OA (q3, q+1,q,3) for every prime

power g. Using this fact we have the following.

(134) Theorem. For any prime power q, there exists a TD3(q +1,9,9+1,1),
and hence a TMD (g + 1, q).

In particular, by (134), there exists a TD3 (4, 3, 4, 1). Now Hanani [6] has
shown that for every integer v =2 or 4 (6), there exists a 3-(v, 4, 1) design, i.e.,
a ’I‘D3 (v, 1, 4, 1). Thus by the composition theorem (133), we have the following.



EXISTENCE THEOREMS FOR MATROID DESIGNS 31

(135) Theorem. For any integer v > 4" such that v =2 or 4 (6), there exists
a TDs(v, 3, 4, 1) and hence a TMD (v, 3).

Thus Theorems (134) and (135) identify three infinite classes of simple rank
4 matroid designs which are not perfect matroid designs (with the exception of

TMD (3, 2)). Their dimensions are given in Table 1.
Table 1.
Three infinite series of simple matroid designs that are not PMD’s

M M) k(M) y(M)

TMD 62 +2,3) n>1 4 4 2097 +1).

TMD (67 +4,3) n>0 4 4 2097 + 4)

TMD (g +1,9) ¢>2 4 g+1 (g+1)(g-1)

q a prime power
For some values of p and g satisfying the conditions of (131), neither (i)

nor (ii) is possible. (p, ¢) = (3, 17) is such a pair, for as may readily be verified,
the consistency conditions of (132) do not hold for either of the designs
D3(53, 5, 1) and TD3 (14, 4, 5, 1). Hence every matroid design M such that
y(M) =51 and (M) >4 is trivial.

Special constructions. The characterization theorems (124) and (131) excluded
the cases (p, g) = (2, 3) and (p, q) = (3, 5). We shall therefore conclude by
describing the possible rank 4 structures in these two cases. The methods of
analysis are similar to those used in the preceding cases, and will be omitted here.

EG(3, 2) ® P(2) and the inversive planes of order 3 (a 3-(10, 4, 1) design)
are nontrivial members of ?ﬂ4(6). So also is the simple matroid design ¥ defined
above. The only other nontrivial member of m4(6) is the following construction.

Let E' be a set of 9 elements, and let gi ={Lt, L;, L;} for i=1, 2, 3, 4,
be the parallel classes of an EG(2, 3) on the set E'. We choose two “‘distinguished’”’
parallel classes, say gl and 5?.2, and let }(1 ={LUL"L efl and L' 65325.
Now let @ be a 2-set disjoint from E', and let H, =fL U a: L e U?_| £ }. Then
it is straightforward to check that A = (E' U a, }(1 U Hz) €m4(6). The points of
A are all simple except for @, and the lines of A are all elementary except for the
family of lines £, U €.

Now let us consider J,(15). An argument like that used in the proof of (131)
shows that the only nontrivial rank 4 matroid designs with cocircuit cardinality 15
are D;(17,5, 1) (the unique inversive plane of order 4), a TMD (5, 4), and the
following special construction.

Let E' be a set of 16 elements, and let Ei = fL;, L;, L;, Li}, for i=1, 2,
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Table 2. List of matroid designs

Y Rank 3 Rank 4

1 - -

2 - -

3 - -

4 PG(2, 2) EG(3, 2)

5 - -

6 EG(2, 3); PG(2, 2) ® P(2); EG(3, 2) ® P(2); ¥; IP(3); A

EG(2, 2) © o(2, 2, 3)

7 -

9 PG(2, 3)

10 D,13, 3, 1)
11 -

13 -

14 D,(15, 3, 1) ® P(2)
15 EG(2, 4) ® P(3);

EG(2, 3)® 0(3, 2, 4)
17 -

19 -

21 D,(25, 4, 1),
22 Dy(25,3, 1)
23 -

25 PG(2, 5)

26 D27, 3, 1)@ P(2)
29 -
31 -
33 D37, 4, 1)
34 D37, 3, 1)
35 -
37 -
38 D39, 3, 1) ® P(2)
39 D,(40, 4, 1) ®P(3)
41 -

43 -
46 D,(49, 3, 1)
47 -
49 PG(2, 7)

51 D,(52, 4, 1) ® P(3)
53 -
55 D(61, 6, 1)
57 D,(61, 4, 1)
58 D61, 3, 1)
59 -
61 -

D3(14, 4, 1)
D3(16, 4, 1) ® P(2); TMD(6, 3)
IP(4) ® P(3); TMD(5, 4); Q.

D3(26, 5, 1)?

Dy(26, 4, 1)
D5(28, 4, 1) ® P(2); TMD(10, 3)

D3(38, 4, 1)
D,(40, 4, 1) @ P(2); TMD(14, 3)
D,(41, 5, 1) ® P(3)7; TMD(11, 4)?

DB(SO’ 4, 1)

D3(62. 5 1)?.
D3(62, 4, 1)
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Y Rank 3 Rank 4

62 D(63, 3, 1) ® P(2) - D364, 4, 1) ® P(2); TMD(22, 3)
65 D66, 6, 1) ® P(5)? -

67 - -

69 D,(73, 4, 1) -

71 - -

73 - -

74 D75, 3, 1) @ P(2) D3(76, 4, 1) ® P(2)

77 - -

79 - -

82 Dy(85,3, 1) D4(86, 4, 1)

85 D,(91,6, 1)? D,(92, 7, 1?

86 D,(87,3, D®P(2) D;(88, 4, 1) ® P(2); TMD(30, 3)?
87 D,(88, 4, 1) ® P(3) -

89 - -

91 EG(2, N8 o7, 2, 8) -

93 D97, 4, 1) -

94 02(97, 3, 1) D3(98. 4, 1)

95 D,(96, 6, 1) ® P(5)? -

97 - -

Figure 5. The matroid design A

3, 4, 5, be the parallel classes of an EG(2, 4) on E'. We choose two distinguished
parallel classes, say 531 and gz, and let }(1 ={LUL":L €£1 and L' Egz}.
Let $ be the set of all 4-subsets of E', no two members of which are contained
together in a member of £, U £ . It is easy to check that 18| =4.3.2.1=24,
Further, £,U £, U £, C§, and [€,U €, UL,| = 12. Leting &' =8 - @, u &, L,
it follows that IS'I =12, and it is not difficult to see that & may also be parti-
tioned into three parallel classes, say Q; s g‘: , and Sﬁ?; .

Now let @ and b be two disjoint 3-sets that are disjoint from E'. Define
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}(2=2Lua:L€£lU£2§, }(3={Lua:L€5},
}(4={Lub:L 65'},}(5={{x}u‘aub:x€E'}.

It is then a straightforward matter to verify that Q = (E' U a y b, |J3 J0) €m4(15)

. . 1= )
The points of ) are all simple, except for @ and b, and the lines of lare all
elementary, except for the family of lines gl U gz'

Figure 6. The matroid design

Concluding remarks. The preceding theorems define all matroid designs with
cocircuit cardinalities p a prime or prime squared. They further define all matroid
designs of rank <4 and cocircuit cardinality pq, where p and ¢ are distinct
primes such that p < 2¢/3 + 1. For certain values of p and g, these theorems
imply that ! (pq) or M 4(pq) contains only trivioids, in which case M Lpq) is
known for every n. The characterization in the above cases is not complete only
in the sense that the parameters for a t-design or a transversal design do not, in
general, specify the structure of the t-design or TD uniquely.

In Table 2 we list all connected nontrivial matroid designs with cocircuit car-
dinality y, where 1 <y <100 and y is a prime or the product of two primes.

When y has three or more distinct prime factors, say y = p P, --*Pp ! >3,
the existence of a nontrivial M € m (p b; ) implies the existence of a nontrivial
M' € (y); namely, we take M’ to be a y/p p -inflation of M. However, it is
certainly not in general true that every nontr1v1al member of M (y) is an inflation
of some nontrivial member of mn(pip].), where p, and p; are prime factors of y.
For example, EG(2, 4) is contained in W3(12), but it is both simple and nontrivial.

The following is an interesting unsolved problem. For a given Y, is the rank
of every nontrivial, connected, matroid design with cocircuit cardinality y bounded?
The finiteness of Table 2 suggests that this is the case, although we have not

even been able to establish the conjecture for y = 6.
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All matroid designs listed in Table 2 are known to exist, unless followed by
a question mark. For existence theorems concerning t-designs the reader is referred

to [6], [8], and [13]. IP(s) denotes an inversive plane of order s.
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